ABSTRACT . The paper characterizes the set of all possible values for the number of lines determined by n points for n sufficiently large . For (2) (n -k), the lower bound of Kelly and Moser for the number of lines in a configuration with n -k collinear points is shown to be sharp and it is shown that all values between M mn (k) and Mm . Besides its significance for combinatorial geometry, the problem is also of interest as an example to help elucidate the connection between statistical physics and the "spectrum" of values for a combinatorial problem . In fact the possible values for n = 22 through n = 28 shown in figure 1 can be seen to bear a strong resemblance to physical spectra . A similar structure has been observed for the problem of possible values of the permanent for (0, 1) matrices [3] . This connection with statistical physics is expected to prove useful in certain implementations of simulated annealing . In keeping with this analogy, our analysis proceeds in "bands", where the k-th band consists of those configurations in which the largest number of collinear points has n -k elements .
In the paper below we characterize for large n the possible values of the number of connecting lines determined by a set P" of n points in the plane, where a connecting line is any straight line containing at least two points of Pn . This solves a problem posed by B . Grünbaum [5, 6] which asks for the sequence of all integers m with the property that some configuration of n points determine exactly m lines . The approach of the present paper is likely to prove useful also for the related problems discussed in Grünbaum [6] and
Cordovil [2] .
Besides its significance for combinatorial geometry, the problem is also of interest as an example to help elucidate the connection between statistical physics and the "spectrum" of values for a combinatorial problem . In fact the possible values for n = 22 through n = 28 shown in figure 1 can be seen to bear a strong resemblance to physical spectra . A similar structure has been observed for the problem of possible values of the permanent for (0, 1) matrices [3] . This connection with statistical physics is expected to prove useful in certain implementations of simulated annealing . In keeping with this analogy, our analysis proceeds in "bands", where the k-th band consists of those configurations in which the largest number of collinear points has n -k elements .
The problem requires a careful analysis only for the case when k is small, i .e . of order -~Fn or less . For such k, the values for the number of connecting lines determined by configurations in the k-th band do not overlap with values from other bands . The largest number of lines m in the k-th band, i .e . with n -k points known to lie on a line, can easily be seen to be Mma(k) _ k(n -k) + (z) + 1, which results when the remaining k points are in general position . The smallest m in the k-th band is known to be bounded below by Mmin (k) = k(n -k) -(z) + 1 [7] . Another purpose of the presentation below will be to show that for (z) (n -k) this lower bound is sharp and that m assumes all values between Mmin (k) and Mma ,(k) with the exception of Mme -I and Mme - 3 . For larger k, the bands overlap and all values are assumed up to (Z) except sharpness and eventually becomes negative . For our purposes it will be sufficient to show that the large k bands overlap and that they do not stretch down into the discrete region .
We remark that our approach of focusing on the values of m assumed in the k-th band is far easier than the related question of asking for the minimum value of m on all bands from some k on . In this direction, Erdös established that if all the points are not collinear, i .e . k -1, then they determine at least n lines . e further conjectured that if no n -1 of the n points are collinear, then the resulting configurations define at least 2n -4 lines . Elliot [4] proved this for n > 10 while Kelly and Moser [7] proved a more general result to the effect that if at most n -k points are collinear with n > ( 3(3k -2)2 + 3k -1)/2, then the n points determine at least k(n -k) -(2) + 1 lines . Unfortunately their restriction on k is too strong to be useful for us . Instead we will make use of another, more recently proved conjecture of Erdös due to Beck [1, 8] which says that in any configuration with k > x, the number of connecting lines is greater than cx(n -x), where c is an absolute constant .
We now proceed to demonstrate our results through a sequence of lemmas .
The key technique employed in the proofs will be to slide points on the "large line" with n -k points into coincidence with a connecting line determined by the k points off the line . (See figure 2 .) For convenience in these arguments, we let P. -k denote the set of points on the large line and Pk denote Pn -P,-k .
We also drop the adjective "connecting" when referring to the lines of Pn . The problem of the bottoms of these bands need be considered only to show that they remain sufficiently large to stay out of the discrete region . The last gap before the continuum can therefore be seen to be
[June From these expressions we obtain the best value of c = 1 in the cn 3i2 bound to the bottom of the continuum proved by Erdös [5] . We can also get the m(n) of Grünbaum's problem. We first note that for k > 3, the number of values in a band is 2(2) -1 . Summing these from 3 to j and adding 4 for the first three bands we find that there are h (j) = 4 + j (j + 2)(j -2)/3 values in the first j + 1 bands for j ? 2 .
For i > 4, we determine a j such that i is between h (j) and h (j + 1) . Provided the resulting j is less than [ -/n + 2] -1, we use
For larger j, we again have to distinguish between the five cases . These formulas allow us to construct tables of m values for sufficiently large values of n . A graphic form of such a table is shown in figure 4 where for purposes of illustrating the trends embodied in these formulas we have ignored the requirement that n be large . We note that as n varies, the bands show up as lines of fixed width 2(z) -1 with slope k. In particular, this implies that they move apart by 1 for a unit increase in n . Thus if n o is case 1, then n o + 1 is case 2, Although the above gives a complete answer to Grünbaum's problem for n > n*, it leaves the problem for n < n* open . This case requires a detailed analysis of the lower end of the high k bands and appears to be difficult . Figure   5 shows an enlargement of the upper corner of figure 4 showing the values of m for n -12 . The values predicted from the above formulas for large n are shown as before, the "extra" values resulting from the low end of high k bands are shaded and elongated for emphasis . Note that these values are all at the lower end of the continuum leading down from (z) . The size of n* is unknown but it is likely to be small .
We close by mentioning a related and possibly more fundamental question, 
